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1 Introduction

In this document, we will be deriving the thrust equation for a double inlet/double outlet
engine. I use the term “turbofan” in the title as more of a buzz word than anything,
because the derived equation will hold for any engine with a double inlet and double
outlet.

Mass Flow Rate

Mass flow rates will be used throughout this derivation, so it’s important to understand
what the term means, as well as the units associated with it. Mass flow rates are useful
for evaluating general thrust of engines because it is a number that can be easily found
for pretty much any engine on the internet. The mass flow rate of a fluid is defined as
the amount mass of fluid flowing per unit time. The equation for mass flow rate is given
in Eq. (1).

m = puA (1)

To see how the units work out for this equation, see Eq. (2) below.
kg kg | [m 2
g 2
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In a general three-dimensional flow, we have three velocity components, one for each
coordinate direction. We can write the general formula for the velocity at any given point
as seen in Eq. (3).

Velocity

V =i+ vj + wk (3)
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The goal of the analysis is to develop and expression for the thrust, which will be aligned
with the X-direction. Thus, we can say that the Y-direction and Z-direction velocities
are zero, and write the velocity vector as follows.

V =ui (4)

Area

One of the most deceivingly confusing parts the conservation equations is the control
volume surface area term, and what it means. For a blog post regarding this topic, visit
the following website.

http://www.joshtheengineer.com/2017/01/02/surface-double-integrals/

To sum it all up, the surface area terms used in the conservation equations are shown
below.

dS, = adA,
dSy = fadAs

This means that after integration based on the outward normal vectors, we will have the
following.

(5)
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2 Engine Control Volume Schematic

A schematic of the engine and its surrounding control volume can be seen in Fig. 1. The
engine is drawn in red to distinguish it from the control volume and associated variables.
Flow comes in from the left and exits to the right.

Because we are dealing with a dual inlet and outlet, the flow through the engine is
split between a cold flow and a hot flow, denoted by C' and H, respectively. The hot
flow is the flow that goes through the core of the engine. The cold flow is the flow that
bypasses the core of the engine, also called the bypass flow. The flow through the core is
called “hot” because it is mixed with fuel and ignited. The bypass flow is called “cold”
because it does not go through a combustion process.

For a dual inlet and outlet engine, we will have different mass flow rates for the two
streams passing through the engine. The exit mass flow rate for the engine is the sum of
the core and bypass mass flow rates.

me = me,H + me,C (7)

The exit mass flow rate of the core stream includes the incoming air to the core and the
mass flow rate of the fuel.


http://www.joshtheengineer.com/2017/01/02/surface-double-integrals/
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Figure 1: Engine control volume schematic.

Me g = Mg g + MMy (8)

The total inlet area of the engine is the sum of the core and bypass inlet areas.

Ai=An+Aic 9)

Similarly, the total outlet area of the engine is the sum of the core and bypass outlet
areas.

Ae = Ae,H + Ae,C (10)

3 Conservation of Mass

Here is the mass conservation in integral form.

//px?.d§=0 (11)

Because there are more terms to deal with here than in the single inlet/single outlet
derivation, we will break them down into individual components to make it easier to
follow along. The core stream is still denoted with an “H”, and the bypass stream is still
denoted with a “C”. The flow external to the engine is denoted with an “E”. From the
mass conservation equation, we can see that we will need to integrate over some areas,
shown below.

Ein + Cm + Hm + Eout + Cout + Hout + OthBT - O (12)

Let’s write out each of these terms individually first.
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Epm:plwt) - —(A=Aic —Aig)i|=—pu(A—Aic — Aig) = —pu(A—4;)

Cin = pl(ut) - (—A; c1)] = —pudic = —hac

Hip 2 p[(ui) - (A gt)] = —pudi g = —gn

Eput : p[(ut) - (A—Acc — Aep) il = pu(A—Acc — Aer) = pu(A—A) (13)

C’out P Pe,c [(ue,Ci) : (Ae,Ciﬂ = pe,Cue,CAe,C’ = me,C’
Hout > Pe,H [(ue,Hi) : (Ae,Hi)] = pe,Hue,HAe,H = me,H

Other : g — 1y
Using the above expressions, we can write them in the full mass conservation equation.
—pu(A—A;) —1gc —Mman+ pu(A—A) + e+ meyg +1ms —mp=0 (14)
Now we will solve for m, and consolidate terms.

Mg = ma,c -+ ma,H — meyc — 77'167[{ + mf + pu (A — Al) — pu (A — Ae)

. . . 15
:m@(j"‘ma’H—me’C—me,H‘*‘mf —I—M—puAZ—M—i—puAe ( )
We end up with the final result below.

ity = M0, + Tl — Tec — e + 1y + pu (Ae — A7) (16)

4 Conservation of Momentum

Here is the mass conservation in integral form.

//pv(v.d§)+//pd§:T (17)
S S

Keeping track of every term in this equation is going to be even more difficult, because
for every term we had in the mass conservation equation, we will need two of here due to
the two surface integral terms. Let us again keep the same nomenclature scheme (£, C,
and H), but denote the first integral term by the subscript 1 and the second integral term
by the subscript 2. Below is the thrust equation written in terms of this nomenclature.

Ein,l + Cin,l + Hin,l + Eout,l + Cout,l + Hout,l (18)
+ Ein,2 + Cin,2 + Hin,2 + Eout,2 + Cout,2 + Hout,2 + Other =T

We can now write each of these terms individually. Let’s start with the terms for the
first integral only.
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Eini:p(ut)[(ut) - —(A—Aic—Aig)i] = —pu® (A — Ay)

Cina o p(ud) [(Wd) - (= A cl)] = —pud; cu = =1, cu

Hipa:op(ui) [(w) - (—A; g?)] = —pud; pu = —1hg gu (19)

By p(ui) [(ui) - (A — Aco — Acnr)i] = pu® (A — A,)

Cout,1 © Pe,c (Ue,cl) [(Ue,0l) - (Ae,cl)] = pe,ctie.cAec (Uec) = e cliec

Houw1 ¢ peir (Ue,mrt) [(Ue,t) * (Ae,rrl)] = pe,rtle i Ae, i (Ue,ir) = Te iU, 1

Now let’s go through the terms associated with the second integral.

Em,2 1 Py [— (A - Ai,C - AzH)] =—F, (A - Ai,C - Ai,H)
Cm,z P, (_Ai,C) = _PaAi,C
Hin,Q P, (_Ai,H) = _PaAi,H (20)
Eoutp: Po[(A—Aco — Acm)] = Pu(A—Acc — Ac)
Cout2 : Pec(Aec) = PecAec

Hout,2 . Pe,H (Ae,H) - Pe,HAe,H

The last thing to take into account is the momentum crossing the control surface due to
the m,. This term is positive because we have drawn the vector going out of the control
volume, which is in the same direction as the outward normal. Because the fuel flow rate
is small, we are neglecting the momentum crossing the control surface due to the fuel
flow.

Other : mgu (21)

Now we can combine all the terms in the momentum conservation equation.

—pu? (A — A;) — Mgcu — 1hg gu + pu® (A — A.)
+ Me,cUe,c + Me, Hlhe, g + MU
— Py (A= Aic — Aig) — PaAic — PoAin
+ P (A—Acc—Aen)+ PecAcc+ PegAen =T

In the next step, we will both combine the momentum-area terms, and expand out the
pressure terms.

(22)

2 . . . . .
pu (Az - Ae) — Myg,cUh — Mg HU + Me cUe,C + Me HUe H + msu

=PA+ PAe + LA — Podic — P + Pl (23)
- PaAe,C - PaAe,H + Pe,CAe,C + Pe,HAe,H =T

We can simplify this equation and solve for the thrust, 7.
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5 Combining Mass and Momentum

Recall the two boxed equations from above. We will plug Eq. (16) into Eq. (24) to get
the following expression.

T :PU2 (Az - Ae) - ma,Cu - ma,Hu + me,C'ue,C + 7/'n'e,Hue,H
u [ma’c + ma’H — me,c — 77'7167]{ + Thf + pu (Ae — Az)] (25)
+ Ae,C (Pe,C - Pa) + Ae,H (Pe,H - Pa)

Distribute the velocity u through in the third to last term, and cancel like values.

T = pu (A="A7) — Mg — Mafq@ + e cUe,c + Me, e g+
DT + Mg @ — e cU — Me gt + 1hpu + pu (Ae=2A7) (26)
Acc(Pec— P) + A (Pen — Pa)
After canceling the like terms in the above equation and grouping the terms with velocity
u, we are left with the following equation.

T = me,Cue,C + me,Hue,H +u [mf - me,C - me,H]
+ Ae,C’ (Pe,C’ - Pa) + Ae,H (Pe,H - Pa)

To continue further, we need to note that the cold exit mass flow rate is equal to the cold
inlet mass flow rate (Eq. (28)), the hot exit mass flow rate is equal to the hot inlet mass
flow rate plus the fuel mass flow rate (Eq. (29)), and the fuel-to-air ratio is equal to the
mass flow rate of the fuel over the hot mass flow rate (Eq. (30)).

(27)

Mec = Mg,C (28)
me,H = ma,H + mf (29)
m
f== (30)
Mq H

Using the above equations, we can simplify our thrust expression.

T = mmcue,c + (ma,H + mf) Ue,H + u[ ) (e mavc — (mmH +mf)]

31
+ Ae,C (Pe7C - Pa) + Ae,H (P€7H - Pa) ( )

Move some of these terms around to get like terms consolidated.
T = (ma,H + mf) Ue, H — ma,Hu — m&cu -+ ma,cu&c (32)

+ Ae,C (Pe,C - Pa) + Ae,H (Pe,H - Pa)

Now we can multiply the first term in the equation by 7, g /14 g, and combine the third
and fourth terms by factoring out the 72, ¢ from each.
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T= ma,Hue7H (1 + f) - ma,Hu + ma,C’ (ue,C - U)
+ Ae,C (Pe,C - Pa) + Ae,H (Pe,H - Pa)

The last step is to factor out the 7, g from the first and second terms, and we are left
with our dual inlet/outlet thrust equation.

(33)

T= ma,H [ue,H (1 + f) - U] + ma,C (ue,C - u)
+ Ae,C (Pe,C - Pa) + Ae,H (Pe,H - Pa) (34)

6 Thrust Equation Simplifications

If the nozzle is not choked, then the exit pressure of the engine will equal the atmospheric
pressure. The topic of nozzle choking will be discussing in a different post. If the nozzle
is not choked, then the second term in the thrust equation disappears because P, = P,.

T = mayH [U&H (1 + f) — U] + ma’c (U€7C — ’LL) (35)

In typical engines, the fuel-to-air ratio, f, is very small. If we assume that f < 1, then
we can write the thrust equation as follows. This is still assuming that our nozzle is not
choked.

T = ma,H (ue7H - U) + ma,C (ue,C - U) (36)

From all these thrust equations, we can see that both the core and bypass flows contribute
to the overall thrust. Increasing the exit velocity of both the core and bypass will increase
thrust, while increasing flight velocity, u, will decrease thrust.
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